We discuss quantum deformation of the affine transformation algebra. It is shown that the quantum algebra has a non-cocommutative Hopf algebra structure, simple realizations and quantum tensor operators.
The notion of quantum deformation of Lie algebras and the groups has been developed in recent years [1] [2] [3] [4] [5] [6] . The quantum groups is characterized by the fact that the elements of its representation matrix do not mutually commute. And the quantum algebras is understood that the universal enveloping algebra has the structure of non-cocommutative Hopf algebra. The deformation of the classical groups and the algebras have been discussed by many authors. The simplest example of the quantum algebra is U q (sl (2) ) and that of the quantum group SL q (2) . Their representation theories have been well investigated. It is also recognized that U q (sl (2) ) and SL q (2) are dual each other [7, 8] . The deformation of exceptional and super groups and their algebras are also developed [9, 10] .
In this paper, we present the quantum deformation of the affine transformation algebra which is one of the fundamental transformations. We suggest that the quantum algebra is possible to be provided by deforming maps from the undeformed algebra. Some examples of the realizations are also shown. The quantum analogue of the tensor operator, which carries the adjoint representation, is explicitly given in terms of the generators of the quantum affine transformation algebra.
The affine transformation means the following operationŝ
wherep is the momentum operator in one-dimensional quantum mechanics andd is the dilatation operator. It is easy to observe that they satisfy the relations
and
and exp (i ln bd) x exp (−i ln bd) = bx.
In an abstract sense, the affine transformation is the group whose multiplication law is given by
The elements of the group can be parametrized by
where the Lie algebra A = {p, d} satisfies the commutation relation
The allowed region of the parameters is −∞ < a < ∞, 0 < b < ∞, which requires that the group manifold is a half-plane, and so the affine transformation group is a non-Abelian and non-compact group. The unitary representations of the affine transformation group are found in refs. [12] and [13] . These papers have shown that there are two and only two unitary irreducible representations. One is the case of the positive eigenvalues of p and the other the negative case. For example, if we take the following realization of the algebra A on the space of square integrable functions
the cases of k > 0 and k < 0 give inequivalent irreducible representations. The eigenvalue of p has continuous value in the unitary irreducible representation. In order to have a simple matrix representation, we consider the adjoint representation. The adjoint representation is not a unitary one because it is a finite dimensional representation and the affine transformation group is non-compact. The adjoint representation of the algebra A p = 0 0
gives the adjoint representation of the affine transformation group by substitution of (9) into (6)
Now, let us present a one-parameter deformation of the universal enveloping algebra of A and the realizations. The quantum affine transformation algebra U q (A) = {D, P } is defined by the commutation relation
where [P ] ≡ (q P − q −P )/(q − q −1 ) and q is as usual a deformation parameter. This is a non-cocommutative Hopf algebra as can be seen as follows. The Hopf algebra mappings, coproduct ∆, counit ǫ antipode S, are given by
and eqs. (12) certainly satisfy the following axioms of the Hopf algebra
where id denotes the identity mapping and m the product of the two terms in the tensor product ; m(x ⊗ y) = xy. If we define the opposite coproduct
∆ ′ (P ) and ∆ ′ (D) also satisfy the same commutation relation as (11) . For the opposite coproduct, S(P ) and the counit are not changed while S(D) becomes
Next, we show some realizations of the U q (A). The generators P and D can be formally expressed in terms of the undeformed ones
When the representation of p and d in the Hilbert space is considered, p and d are hermite operators. The realization (16) of P and D is also chosen to be hermitian in the same representation space when q is real or |q| = 1. If we require only satisfying the commutation relation (11), D can be simply given by
When the representation and the realization of A have the inverse p −1 or [p] are proportional to p, they can be transformed into those of the U q (A) by making use of (16) or (17).
Here we show the examples of both cases: (i) The case of having p −1 . The realization of eq. (8) is transformed into
it is easy to verify that the commutation relation (11) holds.
(ii) On the other hand, the adjoint representation of the U q (A) cannot be obtained by naive use of the relation (16) since the adjoint representation of the undeformed generators (9) does not have p −1 . However [p] reduces to be proportional to p, i.e.
[p] = δp, δ ≡ 2 ln− q −1 , so we get the adjoint representation of P and D with the aid of eq.(16)
The adjoint representation of the U q (A) is the matrices (9) multiplied by q-dependent factor δ. The factor δ becomes unity as q → 1. Finally, we give the tensor operator which carries the adjoint representation of the U q (A). The definition of tensor operator of quantum algebras was given by Rittenberg and Scheunert [11] in terms of the representation theory of Hopf algebras. The tensor operator is generally defined through the following adjoint action of the Hopf algebra H. The adjoint action of c ∈ H on t ∈ H is defined by
where we denote the coproduct of c by
Writing the n × n matrix representation of c as ρ ij (c), the tensor operators {T i , i = 1, 2, · · · , n} which carry the representation ρ(c) are defined by the relation ad(c)
Namely, the tensor operators {T i } form a representation basis under the adjoint action. Now in the case of the U q (A), we can write down the adjoint action of P and D on T ∈ U q (A)
We therefore find the tensor operators which carry the adjoint representation of (19) :
It is noted that RHS of eq.(22) reduces to the commutators and eq.(23) to d and p in the limit of q → 1.
In this paper, we showed that the quantum deformation of the affine transformatio algebra is possible. This fact is non-trivial. The reason is that the affine transformation has simple but different structure from the classical Lie algebras. The quantum affine transformation algebra has the non-cocommutative Hopf algebra structure and its deforming map and tensor operators were given explicitly. Since the quantum affine transformation algebra still possesses simple structure, it would be possible to use the quantum affine transformation algebra as building block of other quantum groups and algebras. We can make another algebraic relation which belongs to the present U q (A), i.e. ,DP − qPD = iP ,
introducing the recombinationP = f (Λ)P, 
The above q-commutation relation (24)is a linear algebra, which is different from the original nonlinear algebra (11) . It is thus possible to investigate linear representations on the linear basis. This subject should be discussed in a separate paper.
